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❆ ❝♦♥t✐♥✉✉♠ ♦❢ ❝♦♥t❡st❛♥ts ❛r❡ ❝❤♦♦s✐♥❣ ✇❤❡t❤❡r t♦ ❡♥t❡r ❛ ❝♦♠✲
♣❡t✐t✐♦♥✳ ❊❛❝❤ ❝♦♥t❡st❛♥t ❤❛s ❛ t②♣❡✱ ❛♥❞ ♦❢ t❤♦s❡ ✇❤♦ ❡♥t❡r✱ t❤❡ ♦♥❡s
✇✐t❤ ❤✐❣❤❡st t②♣❡s r❡❝❡✐✈❡ ♣r✐③❡s✳ ❆ ♣r♦✜t✲♠❛①✐♠✐s✐♥❣ ✜r♠ ❝♦♥tr♦❧s
❡♥tr②✱ ❛♥❞ ❝❤❛r❣❡s ❛ ♣r✐❝❡ ❢♦r ✐t✳ ■ ❛♥❛❧②s❡ ❤♦✇ t❤❡ ♠❛ss ❛♥❞ ✈❛❧✉❡
♦❢ ♣r✐③❡s ❞❡t❡r♠✐♥❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ❛♥❞ ✐♥t❡♥s✐t② ♦❢ ❡♥tr②✳ ❆♥ ✐♥✲
❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♣r✐③❡ ❧❡❛❞s t❤❡ ✜r♠ t♦ ✐♥❝r❡❛s❡ t❤❡ ♣r✐❝❡
✇❤✐❧❡ ❦❡❡♣✐♥❣ ✐♥t❡♥s✐t② ♦❢ ❡♥tr② ✜①❡❞✳ ❈♦♥✈❡rs❡❧②✱ ✇❤❡♥ t❤❡ ♠❛ss ♦❢
♣r✐③❡s ✐♥❝r❡❛s❡s✱ t❤❡ ✜r♠ ✐♥✐t✐❛❧❧② ❦❡❡♣s t❤❡ ♣r✐❝❡ ❝♦♥st❛♥t ✇❤✐❧❡ ❡♥tr②
✐♥❝r❡❛s❡s❀ ❛♥❞ ❧❛t❡r ✕ r❛✐s❡s t❤❡ ♣r✐❝❡✳
❑❡②✇♦r❞s✿ ❝♦♥t❡sts✱ ❡♥tr②
❏❊▲ ❝♦❞❡s✿ ❈✼✷✱ ❉✽✷
✶ ■♥tr♦❞✉❝t✐♦♥
❆❝❝❡ss t♦ ✈❛r✐♦✉s ❝♦♠♣❡t✐t✐✈❡ s❡tt✐♥❣s ✐s ♦❢t❡♥ ❝♦♥tr♦❧❧❡❞ ❜② ❣❛t❡❦❡❡♣❡rs✱ ✇❤♦
r❡q✉✐r❡ ❝♦♥t❡st❛♥ts t♦ ♣❛② ❢♦r ❡♥tr②✳ ❋♦r ❡①❛♠♣❧❡✱ ♣r♦s♣❡❝t✐✈❡ st✉❞❡♥ts ✇❤♦
❝♦♥s✐❞❡r ❛♣♣❧②✐♥❣ ❢♦r ✉♥✐✈❡rs✐t② ❛❞♠✐ss✐♦♥ ♦r ❢♦r ❝♦♠♣❡t✐t✐✈❡ s❝❤♦❧❛rs❤✐♣s
♠❛② ♥❡❡❞ t♦ ♣❛② ❛ ✜r♠ t♦ t❛❦❡ ❛ ●❘❊ t❡st ✐♥ ♦r❞❡r t♦ ❛♣♣❧②✳ ❆rt✐sts ♦r ❛t❤✲
❧❡t❡s ♣❧❛♥♥✐♥❣ t♦ ❥♦✐♥ ❛ ❝♦♠♣❡t✐t✐♦♥ ❛r❡ ♦❢t❡♥ r❡q✉✐r❡❞ t♦ ♣❛② ❢♦r ♠❡♠❜❡rs❤✐♣
✐♥ ❛♥ ❛ss♦❝✐❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ❛❝❛❞❡♠✐❝s ✇❤♦ s✉❜♠✐t ♣❛♣❡rs ❢♦r ❛ ❝♦♥❢❡r❡♥❝❡
∗■ t❤❛♥❦ P❤✐❧✐♣♣ ❉❡♥t❡r ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳ ❙✉♣♣♦rt ❢r♦♠ ❈♦♠✉♥✐❞❛❞ ❞❡ ▼❛❞r✐❞
✭❣r❛♥t ❙✷✵✶✺✴❍❯▼✲✸✹✹✹✮ ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳
†❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐❞❛❞ ❈❛r❧♦s ■■■ ❞❡ ▼❛❞r✐❞✱ ❈❛❧❧❡ ▼❛❞r✐❞ ✶✷✻✱
✷✽✾✵✸ ●❡t❛❢❡✱ ❙♣❛✐♥✳ ❊♠❛✐❧✿ ❜❣✐♥③❜✉r❅❡❝♦✳✉❝✸♠✳❡s✳ ❲❡❜s✐t❡✿ s✐t❡s✳❣♦♦❣❧❡✳❝♦♠✴s✐t❡✴
❜♦r❣✐♥✴✳
✶
✇✐t❤ ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ s❧♦ts ❛r❡ s♦♠❡t✐♠❡s ❛s❦❡❞ t♦ ❥♦✐♥ ❛ ♣r♦❢❡ss✐♦♥❛❧ s♦❝✐✲
❡t②✱ ❢♦r ❛ ❢❡❡✱ ❛s ❛ ❝♦♥❞✐t✐♦♥ ❢♦r ❛♣♣❧②✐♥❣✳ ■❢ t❤❡ ❣❛t❡❦❡❡♣❡r ✐s ✐♥t❡r❡st❡❞ ✐♥
♠❛①✐♠✐s✐♥❣ ✐ts ♣r♦✜t ❢r♦♠ ❡♥tr②✱ ✇❤❛t ❡♥tr② ♣r✐❝❡ ✇✐❧❧ ✐t s❡t✱ ✇❤❛t ♣r♦♣♦rt✐♦♥
♦❢ ❝♦♥t❡st❛♥ts ✇✐❧❧ ❛♣♣❧②✱ ❛♥❞ ✇❤❛t ❛r❡ t❤❡ ❡✛❡❝ts ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❧❡✈❡❧ ♦❢
❝♦♠♣❡t✐t✐✈❡♥❡ss ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ✇✐♥♥✐♥❣❄
❚♦ ❛♥s✇❡r t❤❡s❡ q✉❡st✐♦♥s✱ t❤✐s ♣❛♣❡r ♠♦❞❡❧s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❝♦♥t❡st❛♥ts
✇❤♦ ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ❡♥t❡r ❛ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣r✐③❡s✳ ❊❛❝❤
❝♦♥t❡st❛♥t ❤❛s ❛ t②♣❡✱ ❛♥❞ ♦✉t ♦❢ t❤♦s❡ ✇❤♦ ❡♥t❡r t❤❡ ❝♦♠♣❡t✐t✐♦♥✱ ❝♦♥t❡st✲
❛♥ts ✇✐t❤ t❤❡ ❤✐❣❤❡st t②♣❡s ❡❛❝❤ ❣❡t ♦♥❡ ♣r✐③❡✳ ❊❛❝❤ ❝♦♥t❡st❛♥t ✐s ♣r✐✈❛t❡❧②
✐♥❢♦r♠❡❞ ❛❜♦✉t ❤❡r t②♣❡✱ ❜✉t ❞♦❡s ♥♦t ❦♥♦✇ t❤❡ t♦t❛❧ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts✱
✇❤✐❝❤ ✐s ❞r❛✇♥ ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥ ✕ t❤✉s✱ ❛ ❝♦♥t❡st❛♥t ✐s ✉♥✲
❝❡rt❛✐♥ ❛❜♦✉t t❤❡ ♥✉♠❜❡r ♦❢ ❤❡r ❝♦♠♣❡t✐t♦rs ✇❤♦ ❤❛✈❡ ❤✐❣❤❡r t②♣❡s✳ ❚❤❡
❦❡② ❢❡❛t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s t❤❛t ❡♥tr② ✐♥t♦ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ✐s ❝♦♥tr♦❧❧❡❞ ❜②
❛ ♣r♦✜t✲♠❛①✐♠✐s✐♥❣ ✜r♠✱ ✇❤♦ ❝❤❛r❣❡s ❛ ♣r✐❝❡ ❢♦r ❡♥t❡r✐♥❣✳
❚❤❡ ♣❛♣❡r s❤♦✇s ❤♦✇ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♣r✐③❡
❛✛❡❝t t❤❡ ♦♣t✐♠❛❧ ❡♥tr② ♣r✐❝❡ ❛♥❞ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❡♥t❡r
t❤❡ ❝♦♠♣❡t✐t✐♦♥✳ ❲❤❡♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s ❤✐❣❤❡r t❤❛♥ s♦♠❡ ❝✉t♦✛✱ t❤❡
✜r♠ s❡ts ❛ ♣r✐❝❡ ❛t ✇❤✐❝❤ ❛❧❧ ❝♦♥t❡st❛♥ts ❡♥t❡r✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♣r✐❝❡ ✐s s✉❝❤
t❤❛t s♦♠❡ ❝♦♥t❡st❛♥ts ❞♦ ♥♦t ❡♥t❡r✳
■ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝ts ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s✱ ❛s ✇❡❧❧ ❛s
✐♥ t❤❡ ✈❛❧✉❡ ♦❢ ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡✳ ■❢ t❤❡ ❡♥tr② ♣r✐❝❡ ✇❛s ❡①♦❣❡♥♦✉s❧② ✜①❡❞✱
❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ♦r ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♣r✐③❡ ✇♦✉❧❞ r❛✐s❡
t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ ❡♥t❡r✐♥❣ t❤❡ ❝♦♠♣❡t✐t✐♦♥✳ ❍❡♥❝❡✱ ♠♦r❡ ❝♦♥t❡st❛♥ts
✇♦✉❧❞ ❡♥t❡r✳
❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ♣r✐❝❡ ♦❢ ❡♥tr② ✐s ❡♥❞♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞✱ t❤❡ s✐t✉✲
❛t✐♦♥ ✐s ❞✐✛❡r❡♥t✳ ❆ ❝❤❛♥❣❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r✐③❡ ✐♥❞✉❝❡s t❤❡ ✜r♠ t♦
✐♥❝r❡❛s❡ t❤❡ ♣r✐❝❡ ♦❢ ❡♥tr②✳ ■ s❤♦✇ t❤❛t s✉❝❤ ❛♥ ✐♥❝r❡❛s❡ ❢✉❧❧② ❛❜s♦r❜s t❤❡
❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r✐③❡✳ ❍❡♥❝❡✱ t❤❡ ✐♥t❡♥s✐t② ♦❢ ❡♥tr②
✐s ✉♥❛✛❡❝t❡❞✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ❞❡♣❡♥❞s
♦♥ ❤♦✇ ❧❛r❣❡ t❤❡ ♠❛ss ✐♥✐t✐❛❧❧② ✐s✳ ■❢ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s ❜❡❧♦✇ ❛ ❝❡rt❛✐♥
❧❡✈❡❧✱ t❤❡ ✜r♠ r❡❛❝ts t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ❜② ❛❧❧♦✇✐♥❣ t❤❡ ✐♥t❡♥s✐t② ♦❢
❡♥tr② t♦ r✐s❡ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ♣r✐❝❡ ♦❢ ❡♥tr② ✉♥❝❤❛♥❣❡❞✳ ❲❤❡♥ t❤❡ ♠❛ss
♦❢ ♣r✐③❡s ❜❡❝♦♠❡s ❧❛r❣❡ ❡♥♦✉❣❤✱ ✐♥❞✉❝✐♥❣ ❢✉❧❧ ❡♥tr② ❜❡❝♦♠❡s ♦♣t✐♠❛❧ ❢♦r t❤❡
✜r♠✳ ❆❢t❡r t❤❛t✱ ❛ ❢✉rt❤❡r ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ❧❡❛❞s t❤❡ ✜r♠ t♦
✐♥❝r❡❛s❡ t❤❡ ♣r✐❝❡✳
❚❤✐s ♣❛♣❡r ❛❞❞s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❡♥tr② ✐♥t♦ ❝♦♠♣❡t✐t✐✈❡ s❡tt✐♥❣s✱ s✉❝❤
❛s ❛✉❝t✐♦♥s ✭▼❝❆❢❡❡ ❛♥❞ ▼❝▼✐❧❧❛♥✱ ✶✾✽✼❀ ▲❡✈✐♥ ❛♥❞ ❙♠✐t❤✱ ✶✾✾✹❀ ❆r♦③❛♠❡♥❛
✷
❛♥❞ ❲❡✐♥s❝❤❡❧❜❛✉♠✱ ✷✵✶✶❀ ▼♦r❡♥♦ ❛♥❞ ❲♦♦❞❡rs✱ ✷✵✶✶❀ ▲✐✱ ✷✵✶✼❀ ▲❡❡ ❛♥❞ ▲✐✱
✷✵✶✾✮ ♦r ❝♦♥t❡sts ✭❋✉ ❛♥❞ ▲✉✱ ✷✵✶✵❀ ❑❛♣❧❛♥ ❛♥❞ ❙❡❧❛✱ ✷✵✶✵❀ ❋✉ ❡t ❛❧✳✱ ✷✵✶✺✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ▼♦r❣❛♥ ❡t ❛❧✳ ✭✷✵✶✼✮ st✉❞② ❡♥tr② ✐♥t♦ ❝♦♥t❡sts ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠
♦❢ ❛❣❡♥ts ❛♥❞ ♣r✐③❡s❀ ✇❤✐❧❡ ●✐♥③❜✉r❣ ✭✷✵✶✾✮ ❛♥❛❧②s❡s ❛ ❝♦st❧② ❝♦♠♣❡t✐t✐✈❡ t❡st
✐♥ ✇❤✐❝❤✱ ❛s ✐♥ t❤✐s ♣❛♣❡r✱ ✇✐♥♥✐♥❣ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥t❡st❛♥t✬s ❡①♦❣❡♥♦✉s
t②♣❡✱ r❛t❤❡r t❤❛♥ ♦♥ ❤❡r ❡♥❞♦❣❡♥♦✉s❧② ❝❤♦s❡♥ ❡✛♦rt ♦r ❜✐❞✳ ❚❤❡ ❦❡② ❞✐✛❡r❡♥❝❡
♦❢ t❤✐s ♣❛♣❡r ✐s t❤❛t t❤❡ ❝♦st ♦❢ ❡♥tr② ✐s ♥♦t ❡①♦❣❡♥♦✉s❧② ✜①❡❞✱ ❜✉t ✐s s❡t ❜②
❛ ✜r♠✳ ❚❤❡ ✜r♠ ♠❛①✐♠✐s❡s ✐ts ♣r♦✜t ❢r♦♠ ❡♥tr②✱ ❛♥❞ ❤❛s ♥♦ st❛❦❡ ✐♥ t❤❡
♦✉t❝♦♠❡ ♦❢ t❤❡ ❝♦♠♣❡t✐t✐♦♥✱ ✉♥❧✐❦❡ ❛♥ ❛✉❝t✐♦♥❡❡r ♦r ❛ ❝♦♥t❡st ❞❡s✐❣♥❡r✳
■♥ ❛❞❞✐t✐♦♥✱ ❛ ♥✉♠❜❡r ♦❢ st✉❞✐❡s ❤❛✈❡ ❧♦♦❦❡❞ ❛t ❝♦♥t❡sts ✇✐t❤ ❛ st♦❝❤❛st✐❝
♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ✭▼②❡rs♦♥ ❛♥❞ ❲är♥❡r②❞✱ ✷✵✵✻❀ ▼ü♥st❡r✱ ✷✵✵✻❀ ▲✐♠ ❛♥❞
▼❛tr♦s✱ ✷✵✵✾❀ ❋✉ ❡t ❛❧✳✱ ✷✵✶✶❀ ❑❛❤❛♥❛ ❛♥❞ ❑❧✉♥♦✈❡r✱ ✷✵✶✺✱ ✷✵✶✻❀ ❇♦♦s❡②
❡t ❛❧✳✱ ✷✵✶✼✱ ✷✵✶✾❀ ●✉ ❡t ❛❧✳✱ ✷✵✶✾✮✳ ■♥ t❤❛t ❧✐t❡r❛t✉r❡✱ ♥❛t✉r❡ ❡①♦❣❡♥♦✉s❧②
❞r❛✇s t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs✱ ✇❤♦ t❤❡♥ ❛❧❧ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❛ ❝♦♥t❡st✶✳ ■♥
t❤✐s ♣❛♣❡r t♦♦ t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts ✐s ❞r❛✇♥ ❜② ♥❛t✉r❡❀ ❤♦✇❡✈❡r✱ t❤❡
♠❛ss ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❛❝t✉❛❧❧② ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ ❝♦♥t❡st ✐s ❡♥❞♦❣❡♥♦✉s✳
❙♣❡❝✐✜❝❛❧❧②✱ ❡❛❝❤ ❝♦♥t❡st❛♥t ❢❛❝❡s ❛♥ ❡♥tr② ❝♦st ✭❡♥❞♦❣❡♥♦✉s❧② s❡t ❜② ❛ ✜r♠✮✱
❛♥❞ ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦ ❡♥t❡r✳
❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡
♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ ❝❤❛r❛❝t❡r✐s❡s ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ❛♥❞ ❡♥tr② ❧❡✈❡❧✳ ❙❡❝t✐♦♥ ✹
❞❡s❝r✐❜❡s t❤❡ ❡✛❡❝ts ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ✈❛❧✉❡ ❛♥❞ ♠❛ss ♦❢ ♣r✐③❡s ♦♥ t❤❡ ♣r✐❝❡
❛♥❞ ✐♥t❡♥s✐t② ♦❢ ❡♥tr②✳ ❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s t❤❡ r♦❧❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥
t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ✜r♠✱ ❛♥❞ ♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts❀ ✐t t❤❡♥ s❤♦✇s t❤❛t t❤❡ ♠❛✐♥ r❡s✉❧ts r❡♠❛✐♥ ❧❛r❣❡❧②
✉♥❝❤❛♥❣❡❞ ✐❢ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ r❡❧❛①❡❞✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s✳
❆❧❧ ♣r♦♦❢s ❛r❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳
✷ ▼♦❞❡❧
❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❝♦♥t❡st❛♥ts✱ ❛♥❞ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣r✐③❡s✳ ❚❤❡ ✈❛❧✉❡
♦❢ ❛ ♣r✐③❡ t♦ ❡❛❝❤ ❝♦♥t❡st❛♥t ✐s v > 0✳ ❚❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s m > 0✳ ❚❤❡
♠❛ss ♦❢ ❝♦♥t❡st❛♥ts y ∈ (0,+∞) ✐s ❞r❛✇♥ ❢r♦♠ ❛ s♠♦♦t❤ ❞✐str✐❜✉t✐♦♥ G ✇✐t❤
❞❡♥s✐t② g ❛♥❞ ❢✉❧❧ s✉♣♣♦rt✳ ■ ✇✐❧❧ ❛ss✉♠❡ t❤❛t G ✐s ✉♥✐♠♦❞❛❧ ✇✐t❤ ♠♦❞❡ k
✕ t❤❛t ✐s✱ G ✐s str✐❝t❧② ❝♦♥✈❡① ♦♥ (0, k)✱ ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ♦♥ (k,+∞) ❢♦r
✶●✉ ❡t ❛❧✳ ✭✷✵✶✾✮ ❛❧s♦ ❝♦♥s✐❞❡r ❡♥❞♦❣❡♥♦✉s ❡♥tr②✱ ❜✉t ❛t ❛ ✜①❡❞✱ r❛t❤❡r t❤❛♥ ❡♥❞♦❣❡♥✲
♦✉s❧② ❞❡t❡r♠✐♥❡❞✱ ❝♦st✳
✸
s♦♠❡ k ∈ (0,+∞)✳✷
❊❛❝❤ ❝♦♥t❡st❛♥t i ❤❛s ❛ t②♣❡ θi ∈ [0, 1]✱ ❞r❛✇♥ ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ F ✇✐t❤
❢✉❧❧ s✉♣♣♦rt✳ ❊❛❝❤ ❝♦♥t❡st❛♥t ❦♥♦✇s ❤❡r t②♣❡✱ ❜✉t ♥♦t t❤❡ t②♣❡s ♦❢ ♦t❤❡r
❝♦♥t❡st❛♥ts ♦r t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts✳ ❊❛❝❤ ❝♦♥t❡st❛♥t ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦
❡♥t❡r t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ♣r✐③❡s✳ ❊♥tr② ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ ✜r♠✳ ❚❤❡ ✜r♠
s❡❧❡❝ts ❛ ♣r✐❝❡ p t❤❛t ❡❛❝❤ ❝♦♥t❡st❛♥t ♥❡❡❞s t♦ ♣❛② ❢♦r ❡♥tr②✳
❚❤❡ t✐♠✐♥❣ ✐s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ t❤❡ ✜r♠ s❡❧❡❝ts p✳✸ ❚❤❡♥✱ ♥❛t✉r❡ ❞r❛✇s y
❛♥❞ t❤❡ t②♣❡ ♦❢ ❡❛❝❤ ❝♦♥t❡st❛♥t✳ ❊❛❝❤ ❝♦♥t❡st❛♥t ❧❡❛r♥s ❤✐s t②♣❡✳ ❈♦♥t❡st❛♥ts
t❤❡♥ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ❡♥t❡r t❤❡ ❝♦♠♣❡t✐t✐♦♥✳ ❚❤❡ str❛t❡❣②
♦❢ ❡❛❝❤ ❝♦♥t❡st❛♥t ✐s h : [0, 1] → [0, 1]✱ s✉❝❤ t❤❛t ❛ ❝♦♥t❡st❛♥t ✇✐t❤ t②♣❡ θ
❡♥t❡rs t❤❡ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② h (θ)✳
❈♦♥t❡st❛♥ts ✇❤♦ ❞♦ ♥♦t ❡♥t❡r r❡❝❡✐✈❡ ❛ ♣❛②♦✛ ♦❢ 0✳ ❈♦♥t❡st❛♥ts ✇❤♦
❡♥t❡r ♣❛② t❤❡ ♣r✐❝❡ p✳ ■❢ t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❡♥t❡r ✐s ❣r❡❛t❡r t❤❛♥
m✱ t❤❡♥ ♦✉t ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❡♥t❡r✱ ♠❛ss m ♦❢ t❤♦s❡ ✇❤♦ ❤❛✈❡ t❤❡ ❤✐❣❤❡st
t②♣❡s r❡❝❡✐✈❡ ♦♥❡ ♣r✐③❡ ❡❛❝❤✳ ❋♦r♠❛❧❧②✱ ✐❢ t❤❡ s❡t ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❡♥t❡r
✐s S✱ t❤❡♥ ❡❛❝❤ ❝♦♥t❡st❛♥t ❢r♦♠ t❤❡ s❡t S ∩
[
θ˜, 1
]
r❡❝❡✐✈❡s ♦♥❡ ♣r✐③❡✱ ✇❤✐❧❡
♦t❤❡r ❝♦♥t❡st❛♥ts ❞♦ ♥♦t r❡❝❡✐✈❡ ♣r✐③❡s✱ ✇❤❡r❡ θ˜ ✐s ❛ t②♣❡ s✉❝❤ t❤❛t t❤❡ ♠❛ss
♦❢ S ∩
[
θ˜, 1
]
❡q✉❛❧s m✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦
❡♥t❡r ✐s s♠❛❧❧❡r t❤❛♥ 1✱ t❤❡♥ ❡❛❝❤ ❝♦♥t❡st❛♥t ✇❤♦ ❡♥t❡rs r❡❝❡✐✈❡s ❛ ♣r✐③❡✳ ❚❤❡
♣❛②♦✛ ♦❢ t❤❡ ✜r♠ ✐s pµS✱ ✇❤❡r❡ µS ✐s t❤❡ ♠❛ss ♦❢ S✳
✸ ❊q✉✐❧✐❜r✐✉♠
■❢ p > v✱ ♥♦ ❝♦♥t❡st❛♥t ❡♥t❡rs✱ ❛♥❞ t❤❡ ✜r♠ r❡❝❡✐✈❡s ③❡r♦ ♣r♦✜t✳ ❚❤❡ ✜r♠ ✐s
t❤✉s ❜❡tt❡r ♦✛ s❡tt✐♥❣ s♦♠❡ ♣r✐❝❡ p ∈ (0, v]✱ ❛♥❞ ❤❡♥❝❡ ❡✈❡r② ❡q✉✐❧✐❜r✐✉♠ ✇✐❧❧
❜❡ ♦❢ t❤✐s t②♣❡✳
❲❡ ❝❛♥ ♥♦✇ s❤♦✇ t❤❛t ❡✈❡r② ❡q✉✐❧✐❜r✐✉♠ ✐s ♦❢ ❛ ❝✉t♦✛ t②♣❡✱ ❛s t❤❡ ❢♦❧✲
❧♦✇✐♥❣ r❡s✉❧t ❞❡s❝r✐❜❡s✿
▲❡♠♠❛ ✶✳ ❊✈❡r② ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ ❝✉t♦✛ θˆ ❣✐✈❡♥ ❜②
vG

 m
1− F
(
θˆ
)

− p = 0 ✭✶✮
✷❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s t❤❡ ❝❛s❡ ✇❤❡♥ G ❤❛s ❛ ❣❡♥❡r✐❝ s❤❛♣❡✳
✸❚❤✉s✱ t❤❡ ✜r♠ ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛s t❤❡ ❝♦♥t❡st❛♥ts✳ ❙❡❝t✐♦♥ ✺
❞✐s❝✉ss❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ s❡t✉♣ ✐♥ ✇❤✐❝❤ t❤❡ ✜r♠ r❡❝❡✐✈❡s s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t y ❜❡❢♦r❡
s❡❧❡❝t✐♥❣ p✳
✹
s✉❝❤ t❤❛t ❛❧❧ ❝♦♥t❡st❛♥ts ✇✐t❤ t②♣❡s ❛❜♦✈❡ θˆ ❡♥t❡r ✇✐t❤ ❝❡rt❛✐♥t②✱ ❛♥❞ t❤❡ ♠❛ss
♦❢ ❝♦♥t❡st❛♥ts ✇❤♦s❡ t②♣❡s ❛r❡ ❜❡❧♦✇ θˆ ❛♥❞ ✇❤♦ ❡♥t❡r ✐s ③❡r♦✳
■♥t✉✐t✐✈❡❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝♦♥t❡st❛♥t r❡❝❡✐✈❡s t❤❡ ♣r✐③❡ ✐s ✐♥❝r❡❛s✲
✐♥❣ ✐♥ ❤❡r t②♣❡✳ ❍❡♥❝❡✱ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ ❝✉t♦✛ θˆ s✉❝❤
t❤❛t ❛ ❝♦♥t❡st❛♥t ❡♥t❡rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤❡r t②♣❡ ✐s ❛❜♦✈❡ θˆ✳ ❚❤❡ s❤❛r❡ ♦❢
❝♦♥t❡st❛♥ts t❤❛t ❡♥t❡r ✐s t❤✉s 1− F
(
θˆ
)
✳ ■❢ ❛ ❝♦♥t❡st❛♥t ✇✐t❤ t②♣❡ θˆ ❡♥t❡rs✱
s❤❡ ♣❛②s p✱ ❛♥❞ r❡❝❡✐✈❡s ❛ ♣r✐③❡ ✇♦rt❤ v ✐❢ ❛♥❞ ♦♥❧② ✐❢ y
[
1− F
(
θˆ
)]
≤ m✳
❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤✐s ❡✈❡♥t ✐s G
[
m
1−F(θˆ)
]
✳ ■❢ s❤❡ ❞♦❡s ♥♦t ❡♥t❡r✱ ❤❡r ♣❛②♦✛
✐s ③❡r♦✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ s❤❡ ♠✉st ❜❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❡♥t❡r✐♥❣ ❛♥❞ ♥♦t
❡♥t❡r✐♥❣✳
❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ❧❡♠♠❛ ❛❧❧♦✇s ❢♦r ❛ ③❡r♦✲♠❛ss s❡t ♦❢ ❝♦♥t❡st❛♥ts ✇✐t❤
t②♣❡s ❜❡❧♦✇ θˆ t♦ ❡♥t❡r ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠✹✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ✜r♠✬s ♣♦✐♥t
♦❢ ✈✐❡✇✱ t❤✐s ♣♦ss✐❜✐❧✐t② ✐s ❧❛r❣❡❧② ✐rr❡❧❡✈❛♥t✱ s✐♥❝❡ ❡♥tr② ♦❢ ❛ ③❡r♦✲♠❡❛s✉r❡
s❡t ♦❢ ❝♦♥t❡st❛♥ts ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ✜r♠✬s ♣r♦✜t✳ ❍❡♥❝❡✱ ❢♦r s✐♠♣❧✐❝✐t② ■
✇✐❧❧ ❢♦❝✉s ♦♥ ❡q✉✐❧✐❜r✐❛ ✐♥ ✇❤✐❝❤ ♥♦ ❝♦♥t❡st❛♥ts ✇✐t❤ t②♣❡s ❜❡❧♦✇ θˆ ❡♥t❡r t❤❡
❝♦♠♣❡t✐t✐♦♥✳
▲❡t x ≡ 1
1−F(θˆ)
∈ [1,+∞)✳ ❚❤❡♥ ▲❡♠♠❛ ✶ ✐♠♣❧✐❡s t❤❛t ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠
✇❡ ❤❛✈❡
p = vG (mx) ✭✷✮
❚❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❡♥t❡r ❡q✉❛❧s y
[
1− F
(
θˆ
)]
= y
x
✱ ❛♥❞ t❤❡
✜r♠ r❡❝❡✐✈❡s p ❢r♦♠ ❡❛❝❤ ♦❢ t❤❡♠✳ ❚❤❡ ✜r♠✬s ♣r♦❜❧❡♠ t❤❡♥ ✐s
max
p∈[0,v]
❊
[y
x
p
]
s✉❜❥❡❝t t♦ p = vG (mx)
❙✐♥❝❡ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ x ❛♥❞ p✱ t❤❡ ✜r♠✬s ♣r♦❜✲
❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❛t ♦❢ s❡❧❡❝t✐♥❣ t❤❡ ♦♣t✐♠❛❧ x✳ ❆ ❧❛r❣❡r ✈❛❧✉❡ ♦❢ x
❝♦rr❡s♣♦♥❞s t♦ ❛ ❧♦✇❡r ✈❛❧✉❡ ♦❢ 1 − F
(
θˆ
)
✱ ❛♥❞ ❤❡♥❝❡ t♦ ❧♦✇❡r ✐♥t❡♥s✐t② ♦❢
❡♥tr②✳ ▲❡t x∗ ❜❡ t❤❡ ✜r♠✬s ❡q✉✐❧✐❜r✐✉♠ ❝❤♦✐❝❡ ♦❢ x✳ ❚❤❡ ✜r♠✬s ♣r♦❜❧❡♠ ❝❛♥
✹❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t s✐♥❝❡ t❤❡ s❡t ♦❢ ❝♦♥t❡st❛♥ts ✐s ❛ ❝♦♥t✐♥✉✉♠✱ ❛ ❞❡✈✐❛t✐♦♥ ❜②
❛ s✐♥❣❧❡ ❝♦♥t❡st❛♥t ✇✐t❤ t②♣❡ ❜❡❧♦✇ θˆ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥② ❝♦♥t❡st❛♥t
✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡✳ ❍❡♥❝❡✱ ✐❢ ❛ ❝♦♥t❡st❛♥t ✇✐t❤ t②♣❡ ❜❡❧♦✇ θˆ ❡♥t❡rs t❤❡ ❝♦♠♣❡t✐t✐♦♥✱ ❤❡r
❝❤❛♥❝❡ ♦❢ ✇✐♥♥✐♥❣ ❛ ♣r✐③❡✱ ❛♥❞ ❤❡♥❝❡ ❤❡r ♣❛②♦✛✱ ✇♦✉❧❞ ❜❡ t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ ❛ ❝♦♥t❡st❛♥t
✇✐t❤ t②♣❡ θˆ✱ ✇❤♦ ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❡♥t❡r✐♥❣ ❛♥❞ ♥♦t ❡♥t❡r✐♥❣✳
✺
t❤❡♥ ❜❡ r❡✇r✐tt❡♥ ❛s
max
x∈[1,+∞)
vG (mx)
x
❊ [y] ✭✸✮
❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐s✐♥❣ G(mx)
x
✱ t❤❛t ✐s✱ t♦ ♠❛①✐♠✐s✐♥❣ t❤❡ ❛✈❡r❛❣❡
✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ G (mx)✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❤❛♣❡ ♦❢ G✱ ✭✸✮ ❝❛♥ ❡✐t❤❡r
❤❛✈❡ ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥ ✇✐t❤ x∗ > 1✱ ♦r ❛ ❝♦r♥❡r s♦❧✉t✐♦♥ ✇✐t❤ x∗ = 1✳ ■♥
t❤❡ ❧❛tt❡r ❝❛s❡✱ F
(
θˆ
)
= 0✱ t❤❛t ✐s✱ t❤❡ ✜r♠ s❡❧❡❝ts ❛ ♣r✐❝❡ t❤❛t ❡♥s✉r❡s ❢✉❧❧
❡♥tr②✳ ❚♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ r❡s✉❧t ✇✐❧❧
❜❡ ✉s❡❢✉❧✿
▲❡♠♠❛ ✷✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r s✉❝❤ t❤❛t G (x)− xg (x) < 0 ✐❢ ❛♥❞ ♦♥❧②
✐❢ x < r✳ ❋✉rt❤❡r♠♦r❡✱ r > k✳
❚❤✉s✱ G (x) − xg (x) = 0 ❛t x = r✳ ❍❡♥❝❡✱ g (r) = G(r)
r
✕ t❤❛t ✐s✱ r ✐s
❛ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ s❧♦♣❡ ♦❢ G (r) ❡q✉❛❧s t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ G (r)✳ ❇②
▲❡♠♠❛ ✷✱ t❤✐s ♣♦✐♥t ✐s t♦ t❤❡ r✐❣❤t ♦❢ k✱ ❛♥❞ t❤✉s ❧✐❡s ♦♥ t❤❡ ❝♦♥❝❛✈❡ ♣❛rt ♦❢
G✳
❯s✐♥❣ ▲❡♠♠❛ ✷✱ ✇❡ ❝❛♥ ❝❤❛r❛❝t❡r✐s❡ t❤❡ ✜r♠✬s ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❛s
❢♦❧❧♦✇s✿
Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ m ≥ r✱ t❤❡♥ x∗ = 1✳ ■❢ m < r✱ t❤❡♥ x∗ = r
m
> 1✳
Pr♦♣♦s✐t✐♦♥ ✶ s❛②s t❤❛t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞s ♦♥ ❤♦✇ ❧❛r❣❡
t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s✳ ■❢ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s ❣r❡❛t❡r t❤❛♥ r✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠
✐s s✉❝❤ t❤❛t x∗ = 1 ✕ t❤❛t ✐s✱ ❛❧❧ ❝♦♥t❡st❛♥ts ❡♥t❡r✳ ❚❤❡ ✜r♠ t❤❡♥ s❡❧❡❝ts
t❤❡ ❧❛r❣❡st ♣r✐❝❡ ✉♥❞❡r ✇❤✐❝❤ ❢✉❧❧ ❡♥tr② ✐s ❛❝❤✐❡✈❡❞✳ ❇② ✭✷✮✱ t❤❛t ♣r✐❝❡ ❡q✉❛❧s
vG (m)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s ❜❡❧♦✇ r✱ t❤❡ ✜r♠ s❡❧❡❝ts ❛ ♣r✐❝❡
❛t ✇❤✐❝❤ x∗ = r
m
> 1✳ ❍❡♥❝❡✱ ❝♦♥t❡st❛♥ts ✇✐t❤ s✉✣❝✐❡♥t❧② ❧♦✇ t②♣❡s ❞♦ ♥♦t
❡♥t❡r✳ ❚❤❡ ♣r✐❝❡ t❤❡♥ ❡q✉❛❧s vG (mx∗) = vG (r)✳ ▲❡♠♠❛ ✷ ✐♠♣❧✐❡s t❤❛t ✐♥
t❤✐s ❝❛s❡✱ x∗ ✐s ❣✐✈❡♥ ❜②
mx∗g (mx∗) = G (mx∗) ✭✹✮
❆❞❞✐t✐♦♥❛❧❧②✱ ♥♦t❡ t❤❛t ❜② ▲❡♠♠❛ ✷✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ mx∗ ≥ r > k✱ ❛♥❞
❤❡♥❝❡ G (·) ✐s ❝♦♥❝❛✈❡ ❛t mx∗✳
❚❤❡ t✇♦ ❝❛s❡s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ P❛♥❡❧ ✭❛✮ s❤♦✇s t❤❡ ❝❛s❡ ✇✐t❤
♣❛rt✐❛❧ ❡♥tr②✱ ✇❤❡♥m < r✳ ■♥ t❤✐s ❝❛s❡✱ x∗ ✐s ❛ ✈❛❧✉❡ ♦❢ x ❛t ✇❤✐❝❤mg (mx) =
G(mx)
x
✱ t❤❛t ✐s✱ ❛t ✇❤✐❝❤ t❤❡ s❧♦♣❡ ♦❢ G (mx) ❡q✉❛❧s t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢
✻
x0
G(mx)
x∗ > 1
✭❛✮ ❊q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♣❛rt✐❛❧ ❡♥tr②✳
x0
G(mx)
x∗ = 1
✭❜✮ ❊q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❢✉❧❧ ❡♥tr②✳
❋✐❣✉r❡ ✶✿ ❋✐r♠✬s ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣②✳
G (mx)✳ ●❡♦♠❡tr✐❝❛❧❧②✱ x∗ ✐s ❛ ♣♦✐♥t s✉❝❤ t❤❛t t❤❡ ❧✐♥❡ ❝♦♥♥❡❝t✐♥❣ t❤❡ ♣♦✐♥t
(x∗, G (mx∗)) t♦ t❤❡ ♣♦✐♥t (0, 0) ✐s t❛♥❣❡♥t t♦ G (mx∗)✳
❆t t❤❡ s❛♠❡ t✐♠❡✱ ♣❛♥❡❧ ✭❜✮ s❤♦✇s t❤❡ ❝❛s❡ ✇✐t❤ ❢✉❧❧ ❡♥tr②✱ ✇❤❡♥ m ≥ r✳
■♥ t❤✐s ❝❛s❡✱ x∗ = 1✳ ●❡♦♠❡tr✐❝❛❧❧②✱ ✐♥ t❤✐s ❝❛s❡ ❢♦r ❡✈❡r② x > 1✱ t❤❡ ❧✐♥❡
❝♦♥♥❡❝t✐♥❣ (x,G (mx)) t♦ (0, 0) ❤❛s ❛ ❧❛r❣❡r s❧♦♣❡ t❤❛♥ G (mx)✳
■♥t✉✐t✐✈❡❧②✱ ✐❢ t❤❡ ✜r♠ r❡❞✉❝❡s x ✕ t❤❛t ✐s✱ ✐♥❝r❡❛s❡s ❡♥tr② ✕ t❤✐s ❤❛s t✇♦
❡✛❡❝ts ♦♥ ✐ts ♣r♦✜t✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐t ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥t❡st✲
❛♥ts ✇❤♦ ❛r❡ ♣❛②✐♥❣ ❢♦r ❡♥tr②✱ ✇❤✐❝❤ r❛✐s❡s t❤❡ ♣r♦✜t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✐♥❝r❡❛s✐♥❣ ❡♥tr② ♠❛❦❡s ✐t ❤❛r❞❡r ❢♦r ❡❛❝❤ ❝♦♥t❡st❛♥t t❤❛t ❡♥t❡rs t♦ ✇✐♥ ❛
♣r✐③❡✳ ❍❡♥❝❡✱ ❝♦♥t❡st❛♥ts✬ ✉t✐❧✐t② ❢r♦♠ ❡♥tr② ❞❡❝r❡❛s❡s ✕ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡
♣r✐❝❡ t❤❛t t❤❡ ✜r♠ ❝❛♥ ❝❤❛r❣❡✱ ❡①♣r❡ss❡❞ ❜② ✭✷✮✱ ❢❛❧❧s✱ ❧♦✇❡r✐♥❣ t❤❡ ♣r♦✜t✳
❚❤❡s❡ t✇♦ ♦♣♣♦s✐♥❣ ❡✛❡❝ts ❞❡t❡r♠✐♥❡ t❤❡ ✜r♠✬s ♦♣t✐♠❛❧ str❛t❡❣②✳
❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐❢ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ r❡❧❛t✐✈❡ t♦
t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts✱ t❤❡♥ ❡❛❝❤ ❝♦♥t❡st❛♥t ✇❤♦ ❡♥t❡rs ❤❛s ❛ ❤✐❣❤ ❝❤❛♥❝❡
♦❢ ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡✳ ❆s ❛ r❡s✉❧t✱ ✇❤❡♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥t❡st❛♥ts ❡♥t❡r✱ t❤✐s
❤❛s ♦♥❧② ❛ s♠❛❧❧ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ ❡♥tr②✳ ❍❡♥❝❡✱
✐♥❝r❡❛s✐♥❣ ❡♥tr② ❞♦❡s ♥♦t r❡❞✉❝❡ ❝♦♥t❡st❛♥ts✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r ❡♥tr② ❜②
❛ ❧❛r❣❡ ❛♠♦✉♥t✳ ❚❤✉s✱ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ ❡♥tr② ♦♥ t❤❡ ✜r♠✬s
♣r♦✜t ✐s ♦✉t✇❡✐❣❤❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝t ❛t ❛❧❧ ❧❡✈❡❧s ♦❢ x✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② ✐♥✈♦❧✈❡s ❢✉❧❧ ❡♥tr②✱ t❤❛t ✐s✱ x∗ = 1✳
✼
✹ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s
Pr♦♣♦s✐t✐♦♥ ✶ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥t❡♥s✐t② ♦❢ ❡♥tr②✱ ❡①♣r❡ss❡❞ ❜②
x∗✱ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛ss ♦❢ ♣r✐③❡s m✱ ❛s ✇❡❧❧ ❛s ❜② t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r✐③❡
v✳ ❚❤✐s s❡❝t✐♦♥ ✇✐❧❧ ❛♥❛❧②s❡ t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡s❡ ♣❛r❛♠❡t❡rs ♦♥ t❤❡
❡q✉✐❧✐❜r✐✉♠ ❡♥tr② ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡✳
❘❡❝❛❧❧ t❤❛t ❢♦r ❛ ♠❛r❣✐♥❛❧ ❝♦♥t❡st❛♥t ✕ t❤❡ ♦♥❡ ✇❤♦s❡ t②♣❡ ❡q✉❛❧s θˆ ✕
t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ ❡♥tr② ❡q✉❛❧s vG
[
m
1−F(θˆ)
]
✱ t❤❛t ✐s✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
♣r✐③❡ t✐♠❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ ✐t✳ ❚❤✉s✱ ❜♦t❤ v ❛♥❞ m ❛r❡ ♣♦s✐t✐✈❡❧②
r❡❧❛t❡❞ t♦ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❡♥tr②✳
❆s ❛ ❜❡♥❝❤♠❛r❦✱ ❝♦♥s✐❞❡r ✜rst ✇❤❛t ✇♦✉❧❞ ❤❛♣♣❡♥ ✐❢ t❤❡ ♣r✐❝❡ p ✇❛s
❡①♦❣❡♥♦✉s❧② ✜①❡❞ ❛t s♦♠❡ ❧❡✈❡❧✱ ❛s ✐♥ st❛♥❞❛r❞ ♠♦❞❡❧s ♦❢ ❝♦♥t❡sts ✇✐t❤ ❝♦st❧②
❡♥tr②✳ ■❢ vG (m)− p ≥ 0✱ t❤❡♥ t❤❡ ♣❛②♦✛ ❢r♦♠ ❡♥tr② ✇♦✉❧❞ ❜❡ ♣♦s✐t✐✈❡ ❡✈❡♥
❢♦r ❛ ❝♦♥t❡st❛♥t ✇✐t❤ t②♣❡ 0✱ s♦ ❛❧❧ ❝♦♥t❡st❛♥ts ✇♦✉❧❞ ❡♥t❡r✳ ❖t❤❡r✇✐s❡✱ ❡♥tr②
✇♦✉❧❞ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ✭✷✮✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ v ♦r m ✕ t❤❛t ✐s✱ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢
❛ ♣r✐③❡✱ ♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ ✐t ✕ ✇♦✉❧❞ ♠❛❦❡ ❡♥tr② ♠♦r❡ ❛ttr❛❝t✐✈❡
❢♦r ❡❛❝❤ ❝♦♥t❡st❛♥t✳ ❋♦r♠❛❧❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ v ♦r m ✇♦✉❧❞ ✐♥❝r❡❛s❡ t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ ♦❢ ✭✷✮✱ ❛♥❞ t♦ r❡st♦r❡ ❡q✉❛❧✐t②✱ x ✇♦✉❧❞ ❤❛✈❡ t♦ ❢❛❧❧✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❡♥tr②✳
❍❡r❡✱ ❤♦✇❡✈❡r✱ t❤❡ ♣r✐❝❡ ✐s ❡♥❞♦❣❡♥♦✉s❧② ❝❤♦s❡♥ ❜② t❤❡ ✜r♠✳ ❚❤✐s ♠❡❛♥s
t❤❛t ✐t ❛❧s♦ ❛❞❥✉sts ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐❢ m ♦r v ❝❤❛♥❣❡✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱
❝❤❛♥❣❡s ✐♥ m ❛♥❞ v ❛✛❡❝t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✳
❆s Pr♦♣♦s✐t✐♦♥ ✶ s❤♦✇s✱ ✐❢ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ ✕ t❤❛t ✐s✱
✐❢ m > r ✕ t❤❡♥ x∗ = 1✳ ❆ ❝❤❛♥❣❡ ✐♥ v ❤❛s ♥♦ ❡✛❡❝t ❛t t❤✐s ❝♦r♥❡r s♦❧✉t✐♦♥✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ m < r✱ t❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥t❡♥s✐t② ♦❢ ❡♥tr② ✐s ❣✐✈❡♥
❜② ✭✹✮✳ ❙✐♥❝❡ t❤❛t ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ v✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛ ❝❤❛♥❣❡
✐♥ v ❞♦❡s ♥♦t ❛✛❡❝t x∗ ❛t t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❡✐t❤❡r✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✷✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ v ❤❛s ♥♦ ❡✛❡❝t ♦♥ x∗✱ ❛♥❞
✐♥❝r❡❛s❡s p✳
❚❤✉s✱ ✇❤❡♥ t❤❡ ♣r✐❝❡ ♦❢ ❡♥tr② ✐s ❡♥❞♦❣❡♥♦✉s❧② s❡t ❜② ❛ ✜r♠✱ ❛♥ ✐♥❝r❡❛s❡
✐♥ v ✐♥❝r❡❛s❡s t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❡♥tr②✱ ❜✉t t❤✐s ❡✛❡❝t ✐s ❛❜s♦r❜❡❞ ❜②
❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣r✐❝❡✱ ❧❡❛✈✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥t❡♥s✐t② ♦❢ ❡♥tr② ✉♥❝❤❛♥❣❡❞✳
■♥t✉✐t✐✈❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ v r❛✐s❡s t❤❡ ❡❛❝❤ ❝♦♥t❡st❛♥t✬s ♣❛②♦✛ ❢r♦♠ ❡♥t❡r✐♥❣
t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜② t❤❡ s❛♠❡ ❢❛❝t♦r✳ ❚❤❡ ✜r♠ ❝❛♥ r❡❛❝t ❜② ✐♥❝r❡❛s✐♥❣ t❤❡
♣r✐❝❡ ❜② t❤❡ s❛♠❡ ❢❛❝t♦r✳
✽
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝ts ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ m✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ m ❝♦rr❡s♣♦♥❞s
t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ ❝♦♠♣❡t✐t✐✈❡♥❡ss✱ ❛s t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐♥❝r❡❛s❡s ✇❤✐❧❡ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳ ❯♥❧✐❦❡ v✱ t❤❡
♠❛ss ♦❢ ♣r✐③❡s ❡♥t❡rs t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♥♦♥❧✐♥❡❛r❧②✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡✛❡❝t
♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ m ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ v✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥
✐♥❝r❡❛s❡ ✐♥ m ❝❛♥ ❝❤❛♥❣❡ ❡✐t❤❡r t❤❡ ♣r✐❝❡ ♦r t❤❡ ✐♥t❡♥s✐t② ♦❢ ❡♥tr②✱ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ✐♥✐t✐❛❧ ❧❡✈❡❧ ♦❢ ❝♦♠♣❡t✐t✐✈❡♥❡ss✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❞❡s❝r✐❜❡s
t❤✐s✿
Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ m < r✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇✐t❤ m✱
✇❤✐❧❡ x∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ m✳ ■❢ m > r✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥
m✱ ✇❤✐❧❡ x∗ = 1 ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇✐t❤ m✳
■♥ ✇♦r❞s✱ t❤❡ ❡✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐✈❡♥❡ss ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞s ♦♥ ✐ts
❧❡✈❡❧✳ ❲❤❡♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ✐s ❧♦✇ ✕ s♣❡❝✐✜❝❛❧❧②✱ ✇❤❡♥ m < r ✕ t❤❡ ✜r♠
r❡❛❝ts t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ m ❜② ❦❡❡♣✐♥❣ t❤❡ ♣r✐❝❡ ❝♦♥st❛♥t ✇❤✐❧❡ ❛❧❧♦✇✐♥❣ t❤❡
♣r♦♣♦rt✐♦♥ ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❡♥t❡r t♦ ✐♥❝r❡❛s❡✳ ❚❤✉s✱ ✉♥❧✐❦❡ ❛♥ ✐♥❝r❡❛s❡
✐♥ v✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ m tr❛♥s❧❛t❡s ✐♥t♦ ❣r❡❛t❡r ✐♥t❡♥s✐t② ♦❢ ❡♥tr② ❜✉t ♥♦t ✐♥t♦
❤✐❣❤❡r ♣r✐❝❡✳ ❲❤❡♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s r❡❛❝❤❡s r✱ ❢✉❧❧ ❡♥tr② ❜❡❝♦♠❡s t❤❡
❡q✉✐❧✐❜r✐✉♠✳ ❆❢t❡r t❤❛t✱ ❛ ❢✉rt❤❡r ✐♥❝r❡❛s❡ ✐♥ m ✐♥❞✉❝❡s t❤❡ ✜r♠ t♦ r❛✐s❡ t❤❡
♣r✐❝❡✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ v✳
■♥t✉✐t✐✈❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ m✱ ❧✐❦❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ v✱ r❛✐s❡s ❡❛❝❤ ❝♦♥t❡st❛♥t✬s
♣❛②♦✛ ❢r♦♠ ❡♥t❡r✐♥❣ t❤❡ ❝♦♠♣❡t✐t✐♦♥✳ ❍♦✇❡✈❡r✱ ✉♥❧✐❦❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ v✱ ✐t
❞♦❡s ♥♦t ❛✛❡❝t ❡❛❝❤ ❝♦♥t❡st❛♥t✬s ✉t✐❧✐t② ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❋♦r ❛ ❝♦♥t❡st❛♥t
✇✐t❤ t②♣❡ θ✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ ❛ ♣r✐③❡ ❛❢t❡r ❡♥t❡r✐♥❣ ✐s G
(
m
1−F (θ)
)
✳
❆♥ ✐♥❝r❡❛s❡ ✐♥ m ✐♥❝r❡❛s❡s t❤✐s ♣r♦❜❛❜✐❧✐t②✱ s✐♥❝❡ ✐t ♠❛❦❡s ✐t ♠♦r❡ ❧✐❦❡❧② t❤❛t
t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts ✇❤♦ ❡♥t❡r ❛♥❞ ❤❛✈❡ ❤✐❣❤❡r t②♣❡s ✐s ❜❡❧♦✇ m✳ ❚❤✐s
✐♥❝r❡❛s❡ ✐s ❧❛r❣❡r ✐❢ G ✐s st❡❡♣❡r ❛t m
1−F (θ)
✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✱ G ✐s ❝♦♥❝❛✈❡
❛t mx∗ = m
1−F(θˆ)
✳ ❚❤✉s✱ ❛r♦✉♥❞ t❤❡ t❤r❡s❤♦❧❞ t②♣❡ θˆ✱ ❛❢t❡r ❛♥ ✐♥❝r❡❛s❡ ✐♥
m t❤❡ ♣❛②♦✛ ❢r♦♠ ❡♥tr② r✐s❡s ❢❛st❡r ❢♦r ❝♦♥t❡st❛♥ts ✇✐t❤ t②♣❡s ❜❡❧♦✇ θˆ ✕ ✐✳❡✳
❢♦r t❤♦s❡ t❤❛t ♣r❡✈✐♦✉s❧② ✇❡r❡ ♥♦t ❡♥t❡r✐♥❣ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ✕ t❤❛♥ ❢♦r t❤♦s❡
✇✐t❤ t②♣❡s ❛❜♦✈❡ θˆ✳ ❍❡♥❝❡✱ ✐❢ θˆ > 0 ✕ t❤❛t ✐s✱ ✇❤❡♥ x∗ > 1✱ ✇❤✐❝❤ ❤❛♣♣❡♥s
✇❤❡♥ m > r ✕ t❤❡ ✜r♠ ❝❛♥ ❡①tr❛❝t ♠♦r❡ r❡♥t ❜② ❛❧❧♦✇✐♥❣ s♦♠❡ ❝♦♥t❡st❛♥ts
✇✐t❤ t②♣❡s ❜❡❧♦✇ θˆ t♦ ❡♥t❡r✳ ❚❤✉s✱ ✐♥❝r❡❛s✐♥❣ ❡♥tr② ❜❡❝♦♠❡s ♦♣t✐♠❛❧✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ θˆ = 0 ✕ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ x∗ = 1✱ s♦
❛❧❧ ❝♦♥t❡st❛♥ts ❡♥t❡r ✕ t❤❡ ✜r♠ ❝❛♥♥♦t ✐♥❝r❡❛s❡ ❡♥tr② ❢✉rt❤❡r✳ ■ts ♦♣t✐♠❛❧
r❡s♣♦♥s❡ ✐s t❤❡♥ t♦ r❛✐s❡ t❤❡ ♣r✐③❡ ✐♥ ❛ ✇❛② t❤❛t ♠❛✐♥t❛✐♥s ❢✉❧❧ ❡♥tr②✳ ❍❡♥❝❡✱
✾
t❤❡ ✜r♠ ✐♥❝r❡❛s❡s p ✇❤✐❧❡ ♠❛❦✐♥❣ s✉r❡ t❤❛t t❤❡ ❝♦♥t❡st❛♥t ✇✐t❤ t②♣❡ 0 r❡♠❛✐♥s
✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❡♥t❡r✐♥❣ ❛♥❞ ♥♦t ❡♥t❡r✐♥❣✳
✺ ❊①t❡♥s✐♦♥s
■♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ✜r♠✳ ❖♥❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❜❛s❡❧✐♥❡
♠♦❞❡❧ ✐s t❤❛t t❤❡ ✜r♠ ❤❛s t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛s t❤❡ ❝♦♥t❡st❛♥ts✳ ❙♣❡❝✐✜❝✲
❛❧❧②✱ t❤❡ ✜r♠ ✐s ✉♥✐♥❢♦r♠❡❞ ❛❜♦✉t t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts ✇❤❡♥ ✐t ❝❤♦♦s❡s
t❤❡ ♣r✐❝❡ ♦❢ ❡♥tr②✳
■♥ s♦♠❡ s✐t✉❛t✐♦♥s✱ ❤♦✇❡✈❡r✱ ✐t ♠❛② ❜❡ r❡❛s♦♥❛❜❧❡ t♦ t❤✐♥❦ t❤❛t t❤❡ ✜r♠
❝❛♥ ❤❛✈❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ t❤❡ ❝♦♥t❡st❛♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✜r♠
❝♦✉❧❞ ❜❡ ❞❡❛❧✐♥❣ ✇✐t❤ t❤✐s s✐t✉❛t✐♦♥ ♦✈❡r ♠✉❧t✐♣❧❡ ♣❡r✐♦❞s✱ ✇❤✐❝❤ ❝♦✉❧❞ ♠❛❦❡
✐t ❜❡tt❡r ✐♥❢♦r♠❡❞✳
❙✉♣♣♦s❡ t❤❛t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❣❛♠❡✱ t❤❡ ✜r♠ r❡❝❡✐✈❡s s♦♠❡ s✐❣♥❛❧
σ ❛❜♦✉t t❤❡ ♠❛ss ♦❢ ❝♦♥t❡st❛♥ts y✳✺ ■♥ ♣r✐♥❝✐♣❧❡✱ t❤✐s ❝♦✉❧❞ ❣✐✈❡ r✐s❡ t♦
s✐❣♥❛❧❧✐♥❣ ❡q✉✐❧✐❜r✐❛ ✐♥ ✇❤✐❝❤ t❤❡ ✜r♠ ❝♦♥❞✐t✐♦♥s t❤❡ ♣r✐❝❡ ♦♥ ✐ts ✐♥❢♦r♠❛t✐♦♥✱
❛♥❞ ❝♦♥t❡st❛♥ts ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t y ❛❢t❡r ♦❜s❡r✈✐♥❣ t❤❡ ♣r✐❝❡✳ ❆t
t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❛ ♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡
❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧② ✇♦✉❧❞ ❡♠❡r❣❡ ❡✈❡♥ ✐♥ t❤✐s s❡t✉♣✳
❈♦♥s✐❞❡r ❛ ♣♦♦❧✐♥❣ str❛t❡❣②✱ ✐♥ ✇❤✐❝❤ t❤❡ ✜r♠ s❡ts t❤❡ s❛♠❡ ♣r✐❝❡ ❢♦r ❛❧❧
r❡❛❧✐s❛t✐♦♥s ♦❢ σ✳ ❚❤❡♥ ❝♦♥t❡st❛♥ts ❞♦ ♥♦t ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t y ❛❢t❡r
♦❜s❡r✈✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡✳ ❍❡♥❝❡✱ t❤❡ ❜❡st r❡s♣♦♥s❡ ♦❢ ❡❛❝❤ ❝♦♥t❡st❛♥t
✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡ ✕ t❤❛t ✐s✱ ❛ ❝♦♥t❡st❛♥t ❡♥t❡rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤❡r t②♣❡ ✐s
❛t ❧❡❛st θˆ✱ ✇❤❡r❡ θˆ ✐s ❣✐✈❡♥ ❜② ✭✹✮✳
❚❤❡♥ t❤❡ ✜r♠✬s ♠❛①✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ ✐s
max
p∈[0,v]
❊
[y
x
p | σ
]
s✉❜❥❡❝t t♦ p = vG (mx)
✇❤❡r❡ x ✐s ❞❡✜♥❡❞ ❛s ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ✜r♠ ✐s
♥♦✇ ✐♥❢♦r♠❡❞ ❛❜♦✉t y✳ ❘❡✇r✐t✐♥❣ t❤❡ ♠❛①✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ t❡r♠s ♦❢ x✱
✇❡ ❝❛♥ ✇r✐t❡ ✐t ❛♥❛❧♦❣♦✉s❧② t♦ ✭✸✮ ❛s
max
x∈[1,+∞)
vG (mx)
x
❊ [y | σ]
❚❤✐s ❤❛s t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ❛s ✭✸✮✳ ❆s ❜❡❢♦r❡✱ t❤❡ ♦♣t✐♠❛❧ x✱ ❛♥❞ ❤❡♥❝❡
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ y✳ ❚❤✉s✱ t❤❡ ♣♦♦❧✐♥❣ str❛t❡❣②✱ ✐♥
✺❆ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤✐s ✐s ✇❤❡♥ t❤❡ ✜r♠ ✐s ❢✉❧❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t y✳
✶✵
✇❤✐❝❤ t❤❡ ✜r♠ s❡❧❡❝ts t❤❡ s❛♠❡ ♣r✐❝❡ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ y✱ ✐s ❛ ❜❡st r❡s♣♦♥s❡
❢♦r t❤❡ ✜r♠✱ ❛s ❧♦♥❣ ❛s ✇❡ ❞❡✜♥❡ s✉✣❝✐❡♥t❧② str♦♥❣ ♦✛✲❡q✉✐❧✐❜r✐✉♠ ❜❡❧✐❡❢s ❢♦r
❝♦♥t❡st❛♥ts ✕ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ❝♦♥t❡st❛♥ts ❜❡❧✐❡✈❡ t❤❛t y →∞ ✐❢ t❤❡② ♦❜s❡r✈❡
❛ ♣r✐❝❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡✳ ❍❡♥❝❡✱ ❛ ♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠
❡①✐sts✱ ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s t❤❡ ♦♥❡ ❢♦✉♥❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❝♦♥t✐♥✉❡ t♦ ❤♦❧❞✳
●❡♥❡r✐❝ G✳ ❚❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ❛ss✉♠❡❞ t❤❛t G ✐s ✉♥✐♠♦❞❛❧✳ ❘❡❝❛❧❧ t❤❛t
t❤❡ ✜r♠✬s ♣r♦❜❧❡♠✱ ❣✐✈❡♥ ❜② ✭✸✮✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐s✐♥❣ t❤❡ ❛✈❡r❛❣❡
✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ G (mx)✳ ❲❤❡♥ G ✐s ✉♥✐♠♦❞❛❧✱ t❤✐s ♣r♦❜❧❡♠ ❤❛s ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ✐♥ ✇❤✐❝❤ mx ❧✐❡s ♦♥ ❛ ❝♦♥❝❛✈❡ ♣❛rt ♦❢ G✳
❲❤❡♥ G ❤❛s ❛ ❣❡♥❡r✐❝ s❤❛♣❡✱ t❤❡ ✜r♠✬s ♣r♦❜❧❡♠ ✐s ✉♥❝❤❛♥❣❡❞✳ ❍❡♥❝❡✱
❛♥② ✐♥t❡r✐♦r s♦❧✉t✐♦♥ x∗ ✐s st✐❧❧ ♣✐♥♥❡❞ ❞♦✇♥ ❜② ❛ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✐♥ s✉❝❤
❛ ✇❛② t❤❛t mx∗ ✐s ❧♦❝❛t❡❞ ♦♥ ❛ ✇❡❛❦❧② ❝♦♥❝❛✈❡ s❡❝t✐♦♥ ♦❢ G✳ ❚♦ s❡❡ t❤✐s✱
♥♦t❡ t❤❛t ✐❢ G ✐s ❝♦♥✈❡① ❛t mx✱ t❤❡ ✜r♠ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢
G (mx) ❜② ✐♥❝r❡❛s✐♥❣ x✳
❆t t❤❡ s❛♠❡ t✐♠❡✱ ✇❤❡♥ G ❤❛s ♠✉❧t✐♣❧❡ ♠♦❞❡s✱ ▲❡♠♠❛ ✷ ❝❡❛s❡s t♦ ❤♦❧❞✱
❜❡❝❛✉s❡ t❤❡r❡ ♠❛② ♥♦✇ ❜❡ ♠✉❧t✐♣❧❡ ✈❛❧✉❡s ♦❢ r ❢♦r ✇❤✐❝❤ g (r) = G(r)
r
✳ ▲❡t
Z ≡
{
r : g (r) = G(r)
r
}
❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts ❛t ✇❤✐❝❤ t❤❡ s❧♦♣❡ ♦❢ G ❡q✉❛❧s
t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ G✳ ❆t ❛♥② ✐♥t❡r✐♦r ❡q✉✐❧✐❜r✐✉♠✱ x∗ ♠✉st ❜❡ s✉❝❤ t❤❛t
mx∗ ∈ Z✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
▲❡♠♠❛ ✸✳ ❙✉♣♣♦s❡ t❤❛t G ❤❛s ❛ ❣❡♥❡r✐❝ s❤❛♣❡✳ ❆t ❛♥② ❡q✉✐❧✐❜r✐✉♠✱ ❡✐t❤❡r
x∗ = 1✱ ♦r mx∗ ∈ Z✳
❍❡♥❝❡✱ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ❤♦❧❞s ✇❤❡♥ G ✐s ♠✉❧t✐♠♦❞❛❧✿
❡✐t❤❡r x∗ = 1✱ ♦r x∗ ✐s s✉❝❤ t❤❛t t❤❡ s❧♦♣❡ ♦❢ G ❡q✉❛❧s t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ G
❛t mx∗✳ ❚❤❡ ✜r♠✬s ♣r♦❜❧❡♠✱ ❣✐✈❡♥ ❜② ✭✸✮✱ ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s
max
x∈[1,+∞)
vG (mx)
x
❊ [y] = max
x∈[1,+∞)
G (mx)
mx
= max
z∈Z∪{m}
G (z)
z
✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② s✉❜st✐t✉t❡s z ≡ mx✱ ✉s✐♥❣ ▲❡♠♠❛ ✸ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
♠❛①✐♠✐s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ mx ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦
x✳
❋♦r s♦♠❡ ✈❛❧✉❡s ♦❢ m ❛♥❞ s❤❛♣❡s ♦❢ G✱ t❤✐s ♠❛①✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥
❤❛✈❡ ♠✉❧t✐♣❧❡ s♦❧✉t✐♦♥s ✕ r❡❢❡rr✐♥❣ t♦ ❋✐❣✉r❡ ✶✱ t❤❡ ❧✐♥❡ ❝♦♥♥❡❝t✐♥❣ (x,G (mx))
t♦ (0, 0) ❝❛♥ ❜❡ t❛♥❣❡♥t t♦ G (mx) ❛t ♠✉❧t✐♣❧❡ ♣♦✐♥ts✳ ■♥ t❤✐s ❝❛s❡✱ ♠✉❧t✐♣❧❡
✶✶
❡q✉✐❧✐❜r✐❛ ❡①✐st✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥✐q✉❡✱ t❤❡ r❡s✉❧t s✉♠♠❛r✐s❡❞
✐♥ ✷ r❡♠❛✐♥s tr✉❡✿
Pr♦♣♦s✐t✐♦♥ ✹✳ ❙✉♣♣♦s❡ G ❤❛s ❛ ❣❡♥❡r✐❝ s❤❛♣❡✱ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s
✉♥✐q✉❡✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ v ❤❛s ♥♦ ❡✛❡❝t ♦♥ x∗✱ ❛♥❞ ✐♥❝r❡❛s❡s p✳
❚❤✉s✱ ✐t r❡♠❛✐♥s tr✉❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ v r❛✐s❡s t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❛♥❞
❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ✐♥t❡♥s✐t② ♦❢ ❡♥tr②✳
❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥✐q✉❡✱ ❛ r❡s✉❧t s✐♠✐❧❛r t♦ t❤❡ ♦♥❡
❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸ ❡♠❡r❣❡s✿
Pr♦♣♦s✐t✐♦♥ ✺✳ ❙✉♣♣♦s❡ G ❤❛s ❛ ❣❡♥❡r✐❝ s❤❛♣❡✱ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s
✉♥✐q✉❡✳ ■❢ x∗ = 1✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ m✱ ✇❤✐❧❡ x∗ ❞♦❡s
♥♦t ❝❤❛♥❣❡ ✇✐t❤ m✳ ■❢ x∗ > 1✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇✐t❤
m✱ ✇❤✐❧❡ x∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ m✳
✻ ❈♦♥❝❧✉s✐♦♥s
❊♥tr② ✐♥t♦ ❝♦♠♣❡t✐t✐✈❡ s❡tt✐♥❣s✱ s✉❝❤ ❛s ❛✉❝t✐♦♥s ♦r ❝♦♥t❡sts✱ ❤❛s ❜❡❡♥ ❛
❢♦❝✉s ♦❢ ♠✉❝❤ r❡s❡❛r❝❤✳ ❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❛❝❝❡ss t♦
t❤❡ ❝♦♠♣❡t✐t✐♦♥ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ ♣r♦✜t✲♠❛①✐♠✐s✐♥❣ ✜r♠✳ ❚❤❡ ♣❛♣❡r ❧♦♦❦s
❛t ❤♦✇ t❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣r✐③❡ ❛♥❞ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ❛✛❡❝t t❤❡ ♣r✐❝❡ t❤❛t t❤❡
✜r♠ ❝❤❛r❣❡s ❢♦r ❡♥tr②✱ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥t❡♥s✐t② ♦❢ ❡♥tr②✳
■ ✜♥❞ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣r✐③❡ ❧❡❛❞s t❤❡ ✜r♠ t♦ ✐♥❝r❡❛s❡
t❤❡ ♣r✐❝❡✱ ❜✉t t❤❡ ✐♥t❡♥s✐t② ♦❢ ❡♥tr② r❡♠❛✐♥s ❝♦♥st❛♥t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ ✜r♠ t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣r✐③❡s ❞❡♣❡♥❞s ♦♥ ✐ts
✐♥✐t✐❛❧ ❧❡✈❡❧✳ ❲❤❡♥ t❤❡ ♠❛ss ✐♥❝r❡❛s❡s ❢r♦♠ ❛ s♠❛❧❧ ❧❡✈❡❧✱ t❤❡ ✜r♠ r❡s♣♦♥❞s
❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ✐♥t❡♥s✐t② ♦❢ ❡♥tr② ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ♣r✐❝❡ ✉♥❝❤❛♥❣❡❞✳ ❆t
s♦♠❡ ♣♦✐♥t ❡♥tr② r❡❛❝❤❡s t❤❡ ♠❛①✐♠✉♠ ❧❡✈❡❧✱ ❛♥❞ ❛ ❢✉rt❤❡r ✐♥❝r❡❛s❡ ✐♥ t❤❡
♠❛ss ♦❢ ♣r✐③❡s ❧❡❛❞s t❤❡ ✜r♠ t♦ r❛✐s❡ t❤❡ ♣r✐❝❡ ♦❢ ❡♥tr②✳
❖♥❡ ♣❛rt✐❝✉❧❛r ❢❡❛t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s t❤❛t t❤❡ ✜r♠ ✐s ❛ ♠♦♥♦♣♦❧✐st✳ ❚❤✐s
❝♦rr❡s♣♦♥❞s t♦ ❡①❛♠♣❧❡s s✉❝❤ ❛s ❛ss♦❝✐❛t✐♦♥ ♠❡♠❜❡rs❤✐♣✱ ♦r ●❘❊ t❡st ✐♥
✉♥✐✈❡rs✐t② ❛❞♠✐ss✐♦♥✳ ❋✉t✉r❡ r❡s❡❛r❝❤ ❝❛♥ ❧♦♦❦ ❛t s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡r❡
❛r❡ t✇♦ ♦r ♠♦r❡ ❝❤❛♥♥❡❧s ♦❢ ❡♥t❡r✐♥❣ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ✭❢♦r ❡①❛♠♣❧❡✱ s❡✈❡r❛❧
❞✐✛❡r❡♥t ✉♥✐✈❡rs✐t② ❛❞♠✐ss✐♦♥ t❡sts✮✱ ❡❛❝❤ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❞✐✛❡r❡♥t ✜r♠✳
✶✷
❘❡❢❡r❡♥❝❡s
❆r♦③❛♠❡♥❛✱ ▲❡❛♥❞r♦ ❛♥❞ ❋❡❞❡r✐❝♦ ❲❡✐♥s❝❤❡❧❜❛✉♠✱ ✏❖♥ ❢❛✈♦r✐t✐s♠ ✐♥
❛✉❝t✐♦♥s ✇✐t❤ ❡♥tr②✱✑ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✷✵✶✶✱ ✶✶✵ ✭✸✮✱ ✷✻✺✕✷✻✼✳
❇♦♦s❡②✱ ▲✉❦❡✱ P❤✐❧✐♣ ❇r♦♦❦✐♥s✱ ❛♥❞ ❉♠✐tr② ❘②✈❦✐♥✱ ✏❈♦♥t❡sts ✇✐t❤
❣r♦✉♣ s✐③❡ ✉♥❝❡rt❛✐♥t②✿ ❊①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡✱✑ ●❛♠❡s ❛♥❞ ❊❝♦♥♦♠✐❝
❇❡❤❛✈✐♦r✱ ✷✵✶✼✱ ✶✵✺✱ ✷✶✷✕✷✷✾✳
✱ ✱ ❛♥❞ ✱ ✏❈♦♥t❡sts ❜❡t✇❡❡♥ ❣r♦✉♣s ♦❢ ✉♥❦♥♦✇♥ s✐③❡✱✑ ●❛♠❡s ❛♥❞
❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r✱ ✷✵✶✾✱ ✶✶✸✱ ✼✺✻✕✼✻✾✳
❋✉✱ ◗✐❛♥❣ ❛♥❞ ❏✐♥❣❢❡♥❣ ▲✉✱ ✏❈♦♥t❡st ❞❡s✐❣♥ ❛♥❞ ♦♣t✐♠❛❧ ❡♥❞♦❣❡♥♦✉s
❡♥tr②✱✑ ❊❝♦♥♦♠✐❝ ■♥q✉✐r②✱ ✷✵✶✵✱ ✹✽ ✭✶✮✱ ✽✵✕✽✽✳
✱ ◗✐❛♥ ❏✐❛♦✱ ❛♥❞ ❏✐♥❣❢❡♥❣ ▲✉✱ ✏❖♥ ❞✐s❝❧♦s✉r❡ ♣♦❧✐❝② ✐♥ ❝♦♥t❡sts ✇✐t❤
st♦❝❤❛st✐❝ ❡♥tr②✱✑ P✉❜❧✐❝ ❈❤♦✐❝❡✱ ✷✵✶✶✱ ✶✹✽ ✭✸✲✹✮✱ ✹✶✾✕✹✸✹✳
✱ ✱ ❛♥❞ ✱ ✏❈♦♥t❡sts ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ❡♥tr②✱✑ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢
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●✉✱ ❨✐q✉❛♥✱ ❇✉r❦❤❛r❞ ❍❡❤❡♥❦❛♠♣✱ ❛♥❞ ❲♦❧❢❣❛♥❣ ▲❡✐♥✐♥❣❡r✱ ✏❊✈♦❧✲
✉t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❝♦♥t❡sts ✇✐t❤ st♦❝❤❛st✐❝ ♣❛rt✐❝✐♣❛t✐♦♥✿ ❊♥tr②✱ ❡✛♦rt
❛♥❞ ♦✈❡r❞✐ss✐♣❛t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ✫ ❖r❣❛♥✐③❛t✐♦♥✱ ✷✵✶✾✱
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❑❛❤❛♥❛✱ ◆❛✈❛ ❛♥❞ ❉♦r♦♥ ❑❧✉♥♦✈❡r✱ ✏❆ ♥♦t❡ ♦♥ P♦✐ss♦♥ ❝♦♥t❡sts✱✑ P✉❜❧✐❝
❈❤♦✐❝❡✱ ✷✵✶✺✱ ✶✻✺ ✭✶✲✷✮✱ ✾✼✕✶✵✷✳
❛♥❞ ✱ ✏❈♦♠♣❧❡t❡ r❡♥t ❞✐ss✐♣❛t✐♦♥ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡♥t s❡❡❦❡rs ✐s
✉♥❝❡rt❛✐♥✱✑ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✷✵✶✻✱ ✶✹✶✱ ✽✕✶✵✳
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✷✵✶✵✱ ✶✵✻ ✭✶✮✱ ✸✽✕✹✶✳
▲❡❡✱ ❏♦♦s✉♥❣ ❛♥❞ ❉❛♥✐❡❧ ❩ ▲✐✱ ✏P❛rt✐❝✐♣❛t✐♦♥ ❛♥❞ ✇❡❧❢❛r❡ ✐♥ ❛✉❝t✐♦♥s
✇✐t❤ ❞❡❢❛✉❧t✱✑ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✷✵✶✾✱ ♣✳ ✶✵✽✻✷✵✳
▲❡✈✐♥✱ ❉❛♥ ❛♥❞ ❏❛♠❡s ▲ ❙♠✐t❤✱ ✏❊q✉✐❧✐❜r✐✉♠ ✐♥ ❛✉❝t✐♦♥s ✇✐t❤ ❡♥tr②✱✑
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✶✸
▲✐✱ ❉❛♥✐❡❧ ❩✱ ✏❘❛♥❦✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ❝♦♠♣❡t✐t✐♦♥ ✐♥ ❛✉❝t✐♦♥s ✇✐t❤ ♣❛rt✐❝✐♣❛✲
t✐♦♥ ❝♦sts✱✑ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✷✵✶✼✱ ✶✺✸✱ ✹✼✕✺✵✳
▲✐♠✱ ❲♦♦②♦✉♥❣ ❛♥❞ ❆❧❡①❛♥❞❡r ▼❛tr♦s✱ ✏❈♦♥t❡sts ✇✐t❤ ❛ st♦❝❤❛st✐❝
♥✉♠❜❡r ♦❢ ♣❧❛②❡rs✱✑ ●❛♠❡s ❛♥❞ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r✱ ✷✵✵✾✱ ✻✼ ✭✷✮✱ ✺✽✹✕
✺✾✼✳
▼❝❆❢❡❡✱ ❘ Pr❡st♦♥ ❛♥❞ ❏♦❤♥ ▼❝▼✐❧❧❛♥✱ ✏❆✉❝t✐♦♥s ✇✐t❤ ❡♥tr②✱✑ ❊❝♦✲
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❝♦♥t❡sts✱✑ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✷✵✵✻✱ ✷✼ ✭✷✮✱ ✹✻✾✕✹✼✹✳
❆♣♣❡♥❞✐①
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ■❢ ❛ ❝♦♥t❡st❛♥t ✇✐t❤ t②♣❡ θ ❡♥t❡rs✱ ❤❡r ❡①♣❡❝t❡❞ ♣❛②♦✛
✐s
v Pr
[
y
∫ 1
θ
h (t) dF (t) ≤ m
]
− p = vG
[
m∫ 1
θ
h (t) dF (t)
]
− p ≡ w (θ)
✇❤✐❝❤ ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✐♥ θ✳ ◆♦t❡ t❤❛t w (θ) ≥ 0 ❢♦r ❛❧❧ t②♣❡s ❢♦r
✇❤✐❝❤ h (θ) > 0✱ ❛♥❞ w (θ) ≤ 0 ❢♦r ❛❧❧ t②♣❡s ❢♦r ✇❤✐❝❤ h (θ) < 1✳ ❉❡♥♦t❡
θˆ ≡ sup {θ | h (θ) < 1}✱ t❤❛t ✐s✱ t❤❡ ❤✐❣❤❡st t②♣❡ t❤❛t ❞♦❡s ♥♦t ❡♥t❡r ✇✐t❤
❝❡rt❛✐♥t②✳
❙✉♣♣♦s❡ ✜rst t❤❛t θˆ = 0✱ s♦ ❛❧❧ ❝♦♥t❡st❛♥ts ❡♥t❡r✳ ❚❤❡♥
∫ 1
θˆ
h (t) dF (t) = 1✱
s♦ w
(
θˆ
)
= vG (m)−p✳ ■❢ w (0) > 0✱ t❤❡♥✱ s✐♥❝❡ w (θ) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣✱ ❤❡
❤❛✈❡ w (θ) > 0, ∀θ✳ ❍❡♥❝❡✱ t❤❡ ✜r♠ ❝❛♥ ✐♥❝r❡❛s❡ p ✇❤✐❧❡ ❡♥s✉r✐♥❣ t❤❛t w (θ)
r❡♠❛✐♥s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ θ✳ ❚❤✉s✱ t❤❡ ✜r♠ ❝❛♥ r❛✐s❡ ✐ts ♣r♦✜t ❜② ❞❡✈✐❛t✐♥❣✳
✶✹
❍❡♥❝❡✱ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❡ ♠✉st ❤❛✈❡ w
(
θˆ
)
= w (0) = vG (m)− p = 0✱ s♦
✭✶✮ ❤♦❧❞s✳
❙✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t θˆ > 0✳ ❚❛❦❡ s♦♠❡ θ′ < θˆ✳ ■❢ h (θ′) > 0✱ t❤❡♥
w (θ′) ≥ 0✳ ❇✉t w
(
θˆ
)
≤ 0✱ ❛♥❞ w (·) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦✈❡r ❛♥② ✐♥t❡r✈❛❧
♦✈❡r ✇❤✐❝❤ h (·) > 0✱ s♦ ✇❡ ♠✉st ❤❛✈❡ h (t) = 0 ❢♦r ❛❧♠♦st ❛❧❧ t ∈
(
θ′, θˆ
)
✳
❚❤✉s✱ h (θ) = 1 ❢♦r ❛❧❧ θ > θˆ✱ ❛♥❞ h (θ) = 0 ❢♦r ❛❧♠♦st ❛❧❧ θ < θˆ✱ ❤❡♥❝❡∫ θˆ
0
h (θ) dF (θ) = 0✳ ❚❤✉s✱ θˆ ✐s ❣✐✈❡♥ ❜② vG
[
m∫
1
θˆ
dF (t)
]
= p✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t
t♦ ✭✶✮✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ❋✐rst✱ ♥♦t❡ t❤❛t g (x) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ x ❢♦r ❛❧❧ x < k✳
❍❡♥❝❡✱ ❢♦r ❛❧❧ x ≤ k ✇❡ ❤❛✈❡ G (x) =
∫ x
0
g (z) dz <
∫ x
0
g (x) dz = xg (x)✳
❚❤✉s✱ G (x) − xg (x) < 0 ❢♦r ❛❧❧ x ≤ k✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ x > k✱
✇❡ ❤❛✈❡ d
dx
[G (x)− xg (x)] = −xg′ (x) > 0✱ ✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠
t❤❡ ❢❛❝t t❤❛t g (x) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ x ❢♦r ❛❧❧ x > k✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ g
✐s ❛ ❞❡♥s✐t②✱ limx→∞ xg (x) = 0✱ ❛♥❞ ❤❡♥❝❡ limx→∞ [G (x)− xg (x)] = 1 >
0✳ ❍❡♥❝❡✱ ❢♦r x > k✱ t❤❡ ❡①♣r❡ss✐♦♥ G (x) − xg (x) ✐s ❝♦♥t✐♥✉♦✉s✱ str✐❝t❧②
✐♥❝r❡❛s✐♥❣✱ ♥❡❣❛t✐✈❡ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ x✱ ❛♥❞ ♣♦s✐t✐✈❡ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡
x✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r ∈ (k,+∞) s✉❝❤ t❤❛t G (x)−xg (x) >
0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ x > r✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t pi (x) = vG(mx)
x
❊ [y] ❜❡ t❤❡ ✜r♠✬s ♣r♦✜t✳ ◆♦t❡
t❤❛t
pi′ (x) = v
mxg (mx)−G (mx)
x2
❊ [y] ✭✺✮
❚♦ ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t✱ s✉♣♣♦s❡ t❤❛t m ≥ r✳ ❇② ▲❡♠♠❛ ✷✱ t❤✐s
✐♠♣❧✐❡s t❤❛t mg (m)−G (m) ≤ 0 ❛♥❞ m > k✳ ❚❤❡ ❢♦r♠❡r✱ t♦❣❡t❤❡r ✇✐t❤ ✭✺✮✱
✐♠♣❧✐❡s t❤❛t
pi′ (1) = v [mg (m)−G (m)]❊ [y] ≤ 0
❚❤❡ ❧❛tt❡r ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ x ≥ 1✱ g′ (mx) < 0✱ ❛♥❞ t❤✉s
d
dx
[mxg (mx)−G (mx)] = mg (mx)+m2xg′ (mx)−mg (mx) = m2xg′ (mx) < 0
❍❡♥❝❡✱ mxg (mx) − G (mx) ✐s ✇❡❛❦❧② ♥❡❣❛t✐✈❡ ❛t x = 1✱ ❛♥❞ str✐❝t❧②
❞❡❝r❡❛s✐♥❣ ✐♥ x ❢♦r ❛❧❧ x ≥ 1✳ ❚❤✉s✱ ❢♦r ❛❧❧ x > 1✱ ✇❡ ❤❛✈❡ mxg (mx) −
✶✺
G (mx) < 0✳ ❇② ✭✺✮✱ t❤✐s ✐♠♣❧✐❡s t❤❛t pi′ (x) < 0 ❢♦r ❛❧❧ x > 1✳ ❍❡♥❝❡✱ pi (x)
✐s ❞❡❝r❡❛s✐♥❣ ✐♥ x ❢♦r ❛❧❧ x ≥ 1✱ ❛♥❞ t❤✉s x∗ = 1✳
❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✱ ♥♦t❡ t❤❛t ✐❢ m < r✱ t❤❡♥ ❜② ▲❡♠♠❛ ✷✱
G (m) − mg (m) < 0✳ ❍❡♥❝❡✱ pi′ (1) = v [mg (m)−G (m)]❊ [y] > 0✳ ❚❤✉s✱
♣r♦✜t ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ x ❛t x = 1✱ ❛♥❞ ❤❡♥❝❡ x∗ > 1✳ ❙✐♥❝❡ x∗ ✐s ✐♥ t❤❡ ✐♥t❡r✐♦r
♦❢ (1,+∞)✱ ✐t ✐s ❣✐✈❡♥ ❜② t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ pi′ (x∗) = 0✳ ❊q✉❛t✐♥❣ ✭✺✮
t♦ ③❡r♦ ❛t x = x∗ ②✐❡❧❞s
mx∗g (mx∗)−G (mx∗) = 0
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t mx∗ = r✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ x∗ ✐s ❣✐✈❡♥ ❜② ✭✸✮✱ ❛♥❞ ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s
x∗ = arg max
x∈[1,+∞)
vG (mx)
x
❊ [y] = arg max
x∈[1,+∞)
G (mx)
x
✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ v✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s ❣✐✈❡♥
❜② ✭✷✮ ❛s p = vG (mx∗)✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ✐♥ v✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ m > r✱ t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✱ x∗ = 1✱ ❛♥❞
❤❡♥❝❡ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❡q✉❛❧s vG (m)✳ ❆♥ ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ✐♥ m t❤❛t
❧❡❛✈❡s t❤❡ m > r ✐♥❡q✉❛❧✐t② ✉♥❝❤❛♥❣❡❞ ❞♦❡s ♥♦t ❛✛❡❝t x∗ ✇❤✐❧❡✱ r❡s♣❡❝t✐✈❡❧②✱
✐♥❝r❡❛s✐♥❣ ♦r ❞❡❝r❡❛s✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡✳
■❢ m < r✱ t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✱ x∗ = r
m
✳ ❚❤✐s ❞❡❝r❡❛s❡s ✐♥ m✳ ❆t t❤❡
s❛♠❡ t✐♠❡✱ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❡q✉❛❧s vG (r)✱ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ✐♥ m✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ▲❡t pi (x) = vG(mx)
x
❊ [y]✳ ❚❛❦❡ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ❛t
✇❤✐❝❤ x∗ > 1✳ ❚❤❡♥ x∗ ♠✉st s❛t✐s❢② t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥
pi′ (x∗) = v
mx∗g (mx∗)−G (mx∗)
(x∗)2
❊ [y] = 0
❍❡♥❝❡✱ ✐❢ x∗ > 1✱ t❤❡♥ mx∗g (mx∗) − G (mx∗) = 0✱ s♦ g (mx∗) = G(mx
∗)
mx∗
✳
❚❤✉s✱ ❡✐t❤❡r x∗ = 1✱ ♦r mx∗ ∈ Z✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ■❞❡♥t✐❝❛❧ t♦ t❤❡ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳
✶✻
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳ ■❢ x∗ = 1 ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥✐q✉❡✱ t❤❡♥ ❛
s✉✣❝✐❡♥t❧② s♠❛❧❧ ❝❤❛♥❣❡ ✐♥ m ❤❛s ♥♦ ❡✛❡❝t ♦♥ x∗✳ ❚❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s t❤❡♥
❣✐✈❡♥ ❜② ✭✷✮ ❛s vG (m)✱ ✇❤✐❝❤ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ m✳
■❢ x∗ > 1✱ t❤❡♥ ❜② ▲❡♠♠❛ ✸ ✐t ✐s ❣✐✈❡♥ ❜② x∗ = r
m
❢♦r s♦♠❡ r ∈ Z✳
❆♥ ✐♥❝r❡❛s❡ ✐♥ m ❞❡❝r❡❛s❡s x∗✳ ❚❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s t❤❡♥ ❣✐✈❡♥ ❜② ✭✷✮ ❛s
vG (mx∗) = vG (r)✱ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ✐♥ m✳
✶✼
